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Abstract
Let X be a metric space, B the σ -algebra of Borel subsets of X, and µ a probability measure
on (X,B). In this note, for a measure-preserving map T (respectively a measure-preserving semi-
flow ϕ) on (X,B,µ), we prove that if suppµ = X, and T (respectively ϕ) is weak-mixing, then T
(respectively ϕ) has sensitive dependence.
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1. Introduction
Suppose (X,d) is a metric space with a metric d . Write Z+ = {0,1,2, . . .} and R+ =
[0,+∞). Let B(X) denote the σ -algebra of Borel subsets of X, and µ be a probability
measure on (X,B). Throughout the paper, T is a measure-preserving map on (X,B,µ),
i.e., for any B ∈ B we have µ(B) = µ(T −1B), and ϕ is a measure-preserving semi-flow
on (X,B,µ), i.e., ϕ is a semi-flow on X, and for any B ∈ B and t ∈ R+ we have µ(B) =
µ(ϕ−1t B), and suppµ = X.
• T (respectively ϕ) is called weak-mixing if for any A,B ∈ B, we have
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n→∞
1
n
n−1∑
i=0
∣∣µ(A∩ T −iB) −µ(A)µ(B)∣∣= 0
(
respectively lim
t→∞
1
t
t∫
0
∣∣µ(A ∩ ϕ−1s B)− µ(A)µ(B)∣∣ds = 0
)
.
• T (respectively ϕ) has sensitive dependence if there exists δ > 0 such that for any
x ∈ X and any open neighborhood Vx of x , there exists n ∈ Z+ (respectively t ∈ R+)
such that
sup
{
d(T nx,T ny): y ∈ Vx
}
> δ(
respectively sup
{
d(ϕtx,ϕty): y ∈ Vx
}
> δ
)
.
• A subset S ⊂ Z+ (respectively S ⊂ R+) is called relatively dense, if there exists N ∈
Z+ (respectively L ∈ R+) such that for any k ∈ Z+ (respectively t ∈ R+) we have
S ∩ {k, k + 1, . . . , k +N − 1} = ∅(
respectively S ∩ (t, t + L) = ∅).
• A subset S ⊂ Z+ (respectively Lebesgue measurable set S ⊂ R+) is called the positive
upper density if
lim sup
k→∞
1
k + 1 Card{0 j  k: j ∈ S} > 0(
respectively lim sup
t→∞
1
t
l
(
S ∩ [0, t])> 0),
where l(S) is Lebesgue measure of S.
It is well known that sensitive dependence characterizes the unpredictability of chaotic
phenomenon. The dependence is the essential condition of various definitions of a system
to be chaotic. Therefore, when does a system have sensitive dependence? This question has
gained some attention in more recent papers, for example, [1–4]. The authors in [4] proved
the result as follows.
Proposition. Suppose suppµ = X, T is weak-mixing, and satisfies the property
(P) for any non-empty open set U ⊂ X, there exists a sequence {nk} with positive upper
density such that U ∩ (⋂k0 T −nkU) = ∅,
then T has sensitive dependence.
The first aim in this paper is to show that the proposition can be improved by using
Khintchine’s theorem in [5], i.e., we prove the following
Theorem A. If T is weak-mixing, then T has sensitive dependence.
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can be obtained by using corresponding Khintchine’s theorem in [6], i.e., we prove the
following
Theorem B. If ϕ is weak-mixing, then ϕ has sensitive dependence.
2. Proof of theorem A
Lemma 2.1 (Khintchine’s theorem [5]). For any B ∈ B, if µ(B) > 0, then for any ε > 0,
the set {k ∈ Z+: µ(B ∩ T −kB) µ(B)2 − ε} is relatively dense in Z+.
Lemma 2.2. If T has not sensitive dependence, then there exist two non-empty disjoint
open sets U and V in X such that the set S = {k ∈ Z+: T kV ∩ U = ∅} has positive upper
density.
Proof. Choose δ > 0 such that for every x ∈ X, there exists y ∈ X satisfying d(x, y) > 4δ.
Since T has not sensitive dependence, there is a point x ∈ X and a neighborhood Vx of x
such that
diam(T nVx) = sup
{
d(T nx ′, T ny ′): x ′, y ′ ∈ Vx
}
 2δ (∀n 0).
Take 0 < ε < δ such that B(x, ε) = {y ∈ X: d(x, y) < ε} ⊂ Vx . As suppµ = X, we have
µ(B(x, ε)) > 0. According to Lemma 2.1, S = {k ∈ Z+: B(x, ε) ∩ T −kB(x, ε) = ∅} is
relatively dense in Z+. Now for any k ∈ S, we can find z ∈ B(x, ε) ∩ T −kB(x, ε), then
T kz ∈ B(x, ε) ∩ T kB(x, ε), and for any y ∈ B(x, ε), we have
d(T ky, x) d(T ky,T kz) + d(T kz, x) 2δ + ε < 4δ.
This shows T kB(x, ε) ⊂ B(x,4δ), ∀ k ∈ S.
Now let V = B(x, ε), U = X \ B(x,4δ), then for any k ∈ S we have T kV ∩ U = ∅.
Moreover, since S is relatively dense, we can find N  1 such that for any i  0 we have
S ∩ {i, i + 1, . . . , i + N − 1} = ∅.
Consequently
lim sup
m→∞
1
m + 1 Card{0 k m: k ∈ S}
1
N
> 0. 
Proof of Theorem A. If the conclusion does not hold, then by Lemma 2.1, there exist
non-empty open sets U,V ⊂ X such that S = {k ∈ Z+: T kV ∩ U = ∅} has positive upper
density. Also since V ∩ T −kU ⊂ T −k(T kV ∩ U) = ∅ (∀k ∈ S), so µ(V ∩ T −kU) = 0
(∀k ∈ S).
Hence,
n−1∑
k=0
∣∣µ(V ∩ T −kU) −µ(V )µ(U)∣∣ n−1∑
k=0, k∈S
µ(V )µ(U)
= Card{0 k  n − 1: k ∈ S}µ(V )µ(U).
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,As suppµ = X, and V,U are all open sets, we know µ(V )µ(U) > 0. This leads to
lim sup
n→∞
1
n
n−1∑
k=0
∣∣µ(V ∩ T −kU − µ(V )µ(U)∣∣
 lim
n→∞
1
n
Card{0 k  n − 1: k ∈ S}µ(V )µ(U) > 0.
This contradicts the weak-mixing of T . 
3. Proof of Theorem B
Lemma 3.1 (Khintchine’s theorem [6]). If for B ∈ B, we have µ(B) > 0, then the set
{t ∈ R+: µ(B ∩ ϕ−1t B) > λµ(B)2} (λ < 1) is relatively dense in R+.
Here we need to point out that Khintchine’s theorem in [6] is given for measure-preserving
flows on (X,B,µ), but we can see from its proof that it also holds for measure-preserving
semi-flows.
Lemma 3.2. If ϕ has not sensitive dependence, then there exist open sets V,U ⊂ X such
that the set
S := {t ∈ R+: V ∩ ϕ−1t U = ∅}
has positive upper density.
Proof. Choose δ > 0 such that for any x ∈ X, there exists y ∈ X satisfying d(x, y) >
8δ. Since ϕ has not sensitive dependence, there is 0 < σ < δ and x ∈ X such that
diam(ϕt (B(x,σ ))) < δ (∀t  0). Take 0 < ε < 1 such that
ϕt
(
B(x,2δ)
)⊂ B(x,8δ), ∀t ∈ [0, ε].
Let V = B(x,σ ), as suppµ = X, so µ(V ) > 0. According to Lemma 3.1, the set
S1 := {t ∈ R+: V ∩ ϕtV = ∅} ⊃
{
t ∈ R+: V ∩ ϕ−1t V = ∅
}
is relatively dense in R+. Hence there exists L > 0 such that for any t ∈ R+ we have
S1 ∩ (t, t +L) = ∅.
Now for any t ∈ S1, because V ∩ϕtV = ∅, and diam(ϕt (V )) < δ, we have V ∪ϕt (V ) ⊂
B(x,σ + δ) ⊂ B(x,2δ), and therefore
ϕτ (V ) ⊂ B(x,8δ), ∀τ ∈ [t, t + ε].
Let U := X\B(x,8δ), S2 :=⋃t∈S1[t, t+ε], then for any τ ∈ S2 we have U ∩ ϕτ (V ) = ∅
i.e., V ∩ ϕ−1τ U = ∅. Consequently S2 ⊂ S, and
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t→+∞
1
t
l
(
S ∩ [0, t]) lim sup
t→+∞
1
t
l
(
S2 ∩ [0, t]
)
 lim sup
k→+∞
1
k(L + 1) l
(
S2 ∩
[
0, k(L+ 1)])
 kε
k(L + 1) =
ε
L + 1 > 0. 
Proof of Theorem B. If the conclusion does not hold, then by Lemma 3.2, there exists
non-empty open sets U,V ⊂ X such that S := {t ∈ R+: V ∩ ϕ−1t U = ∅} has positive
upper density. Also as suppµ = X, so µ(V )µ(U) > 0. Therefore
lim
t→+∞
1
t
t∫
0
∣∣µ(V ∩ ϕ−1s U)− µ(V )µ(U)∣∣ds = 0
 µ(V )µ(U) lim sup
t→+∞
1
t
l
(
S ∩ [0, t])> 0.
This contradicts the weak-mixing of ϕ. 
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